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Abstract

The torsional and axially compressed buckling of an individual embedded multi-walled carbon nanotube (MWNTSs)
subjected to an internal and/or external radial pressure was investigated in this study. The emphasis is placed on new
physical phenomena which are due to both the small length scale and the surrounding elastic medium. Multiwall car-
bon nanotubes which are considered in this study are classified into three categories based on the radius to thickness
ratio, namely, thin, thick, and almost solid. Explicit formulas are derived for the van der Waals (vdW) interaction be-
tween any two layers of an MWNT based on the continuum cylindrical shell model. In most of the previous studies, the
vdW interaction between two adjacent layers was considered only and the vdW interaction among other layers was
neglected. Moreover, in these works, the vdW interaction coefficient was treated as a constant that was independent of
the radii of the tubes. However, in the present model the vdW interaction coefficients are considered to be dependent
on the change of interlayer spacing and the radii of the tubes. The effect of the small length scale is also considered in
the present formulation. The results show that there is a unique buckling mode (71,77) corresponding to the critical shear
stress. This result is obviously different from what is expected for the pure axially compressed buckling of an individ-

ual multi-walled carbon nanotube.
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1. Introduction

Carbon nanotubes, which were discovered by
Sumio lijima [1], have widespread applications in
different fields such as chemistry, physics, engineer-
ing, material science and reinforced composite struc-
tures. It is commonly believed in the scientific com-
munity that nanotechnology will spark a series of
industrial revolutions in the following decades. The
discovery of carbon nanotubes has been a very sig-
nificant breakthrough that has accelerated further
developments in the field of nanotechnology. Carbon
nanotubes (CNTs) are among the most promising
new materials and are expected to play a pivotal role
in the future of nanotechnology. Due to the difficul-
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ties in experimental characterization of nanotubes,
mechanical responses of carbon nanotubes are mainly
investigated through numerical simulations using
atomistic or continuum models.

Abrupt changes in the physical and mechanical
properties of single-walled carbon nanotubes
(SWNTs) and MWNTs are observed when the ap-
plied load and pressure reach a critical value. To in-
vestigate this issue, nonlocal continuum models have
been proposed to extend the classical continuum ap-
proach to smaller length scales by incorporating in-
formation regarding the behavior of material micro-
structure while retaining most of the advantages of
the classical model. The theory of nonlocal contin-
uum mechanics was first introduced by Eringen in his
work on nonlocal elasticity [2]. In this theory, con-
trary to the classical continuum mechanics, the stress
at a point is considered to be a function of the strain at
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Fig. 1. A multi-walled carbon nanotube in an infinite elastic
medium with loading configuration.

all the points throughout the body. Moreover, the
effect of radial constraint from the surrounding infi-
nite elastic medium, which is dependent on the di-
mensions of MWNTs, is taken into account. This
effect represents an initial interaction pressure be-
tween, known as the external radial pressure, the out-
ermost layer of the multi-walled carbon nanotube and
its surrounding elastic medium. Combined loading
and lateral pressure for a multi-walled carbon nano-
tube is shown in Fig. 1.

The critical axial stress and strain increase for dif-
ferent filling molecules (about 10% at low density
and up to 40% for filling molecules at high density).
As stated before, the effect of filling molecules can be
modeled approximately by an internal radial pressure.
In most of the previous studies, to model vdW forces,
a linear relationship between the vdW force and the
normal deflection was assumed. A simple relationship
for the vdW interaction coefficient has been obtained
based on this assumption (C= 320 erg/c m*/0.16 d 2 ,
d=0.142 nm) [3]. The linear model does not take into
account the effect of the radius of the CNT on the
vdW interaction coefficient. In this study, basic equa-
tions for a cylindrical shell under uniform external
and/or internal radial pressure, torsion, and axial load-
ing are formulated based on the theory of nonlocal
elasticity.

2. Basic equations

2.1 Governing equations

Consider a multi-walled CNT, consisting of two or
more single CNTs, of radius R, , thickness 4, modulus
of elasticity E, and Poisson's ratio v. An internal or an
external radial pressure and also the pressure caused
by vdW interaction are applied to the tube. It is as-
sumed that there is no slip between the layers. The
membrane strains, the membrane forces prior to
buckling, and the membrane forces due to buckling

under these circumstance are denoted by (¢!, ¢),€%,),
(N’,NJ,N) and (N.,N,,N.,), respectively. The
x-direction is parallel to the axis of the cylinder, the
0 -direction is tangent to a circular arc, and the z-
direction is normal to the median surface. Moreover,
u,, v,,and w, are the additional displacements due
to buckling along x, @, and z-directions, respectively.
The total strains during buckling are given by [2]

o R3O R
1| 1 du, v,
Ep=—| ———+—]| , 1
¥ Z{Rlaﬁ ax} I
where, R, u, v, and w, (i=1,2, ... , N) are

the radius, and the additional deflections of the ith
layer along the x, € and z- directions, respectively.
In the Eringen nonlocal elasticity model, the stress
state at a reference point in the body is regarded to be
dependent not only on the strain state at this point but
also on the strain states at all of the points throughout
the body. This model is based on the atomic theory of
lattice dynamics and experimental observations on
phonon dispersion [2] and [4]. For homogeneous and
isotropic elastic solids, the constitutive equation of
nonlocal elasticity can be written as [2]

(1-eaV)o=C,:¢, )

where, the symbol ‘:” denotes the inner product of
tensors with double contraction, C, is the elastic
stiffness tensor of classical (local) isotropic elasticity,
o is the nonlocal stress tensor, & is the strain ten-
sor, e, is a material-dependent constant, and a is
an internal characteristic length of the material (e.g.,
length of C-C bond or lattice spacing). In accordance
with the thin shell assumption, the normal stress o,
the corresponding strain &, , and the shear strains
e. and ¢, are considered to be negligible. Conse-
quently, the thin shell can be treated as a two-dimen-
sional stress problem with do /06=0d0,/0x=0 .
Considering the above assumptions, Eq. (2) can be
written as [5] and [6]

do’o E
o, —(ea)’ axzx = m(é} +ve,),
1 d°c E
o,—(e,a)’ R—Iz 86’; = — (g, +ve,), 3)
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0x
The net forces are given by
N =0h, N,=0,h and N, =0 ,h.

Substituting Egs. (1) and (3) into the above rela-
tions yields

v o, : 2
. - +(ea
R3O R
+K (e +ve)) =N, +Nf,
N, = K(v au 1 v, 1 9°N,
R0 R Rf 00 (@
+K(3”+vg V=N, +N,,
1 1 au
N,=— a
w=7 K( R 86 a e,a)’
PN, 1N , ’
(ax2 +R2 a0;5)+K(1 ey =N, +N.,

where, K = Eh/(1-v*) is the effective extensional
stiffness. Based on the classical thin shell theory [6]
and [7], the governing equations for the elastic buck-
ling of the MWNT can be derived as the following
system of coupled equations:

2

DViw, =V P(xt9)+N°a Viw,

ox>
0 2 0 2
+ Mo 0 i+ O g, (5)
R} 00 R 0x06
Ehd'w, .
—(eoa)ZV?ﬂi—R—[z?,l:1,2,3,....,

where, D= Eh'[/12(1-v*) is the effective bending
stiffness of the shell and 7, is defined as

) NJ 0'w, N N) 9w,

=VP 4+t =
771 it R/A 894 R,Z axzaez (6)
00w, ANY, d'w ’
+ N i x0 i
ox* R,2 0x’06°
where, P, is the pressure exerted on the ith layer due

to vdW interaction between the layers. It should be
noted that the attractive vdW force is negative, the
repulsive vdW force is positive, and the inward pres-

sure is positive in Eq. (5). Thus, assuming infinitesi-
mal buckling deflection between the two layers, the
net pressure due to vdW interaction can be expressed

by [8]

P + Z P +AP(x,0), (7a)

j= J=itl

APl.zNAP ZC(W w,)= ch ZCV w,, (7b)

=Viw ZC —ZC Viw (7c)

where, f’/ is the initial uniform vdW pressure con-
tribution to the ith layer from the jth layer prior to
buckling, N is the total number of layers of the multi-
walled CNT, and AP (x,60) is the pressure increment
after buckling. As only infinitesimal buckling is con-
sidered, AP,(x,6) is assumed to be linearly propor-
tional to the buckling deflection between the two
layers, Eq. (7b). Finally, substituting the third of Eq.
(7) into Eq. (5) gives

N N a
DViw, =Viw Y ¢, + > ¢, Viw + N!—Viw,
j=1 j=1

a 2
0 2 0 2
Mo O gy e Dgry ()
R 06° R ox00
Eh d*w,
_(eoa)zv?ni _Riiz ax4 .

2.2 vdW interaction relations

The vdW energy, due to the interatomic interaction,
can be described by Lennard-Jones’s potential pair
method [9]. Assuming inward pressure to be positive,
the initial pressure contribution P, caused by vdW
interaction can be written as [8]

20488 23
P = G)
! { z k+1

(©)

102460' (=D 1)

= 2k + 1
The vdW interaction coefficients C; are deter-

mined from [8]
12
¢ = 100172':90' B - 11207ze0® E7 R, (10)
! 3a ! 9a*
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where, € is the depth of the potential, o is a pa-
rameter that is determined from the equilibrium dis-
tance, a=0.142nm is the C-C bond length, R, is
the radius of jth layer, and the subscripts i and j de-
note ith and jth layers, respectively. The area of each
atom is equal to 94’ / 43 [10]. The elliptic integrals

Ef, E), E’, and E; are defined by [8]
%
re_ L @ an
(R +R)"§ 4RR, 2
1-———L_cos’@
(R +R)’

where m is an integer. Eq. (10) gives the expression
for the interaction coefficient C; that models vdW
interaction after buckling in a multi-walled CNT. It
should be noted that Eq. (10) was obtained by consid-
ering each tube as an individual continuum cylindri-
cal shell.

2.3 Modeling the pressure

The net pressure due to vdW interaction from Eq.
(7a) for the innermost and the outermost tubes are,
respectively, given by

N o_

ZE

=2
N-1

I)N:_ZP +1)N(’v+l) AP, , (12)

where, P, =P, is the applied internal pressure, and
P,, =P, y., 1stheapplied external pressure.

An initial interaction pressure between the outer-
most layer of the multi-walled carbon nanotube and
its surrounding elastic medium, P, , can be written as
[11] and [12]

P, =~dw,, (13)
where, d, is a spring constant which depends on the
properties of the surrounding elastic medium [10].
The following relation has been proposed for d,
[12]:

E

dy=—n 14
TR, 9
where, E,, v,, and R, are the Young’s module,

the Poisson’s ratio for surrounding elastic medium,
and the radius of outermost layer, respectively. The
effect of filling molecules in Eq. (12) can be modeled
approximately by an internal pressure, P, , repre-
senting an initial pressure between the innermost
layer of the MWNT and its filling molecules. It is

defined by
=dw,. (15)

1m

The spring constant d, in Eq. (15), which depends
on the physical properties of the filling molecules and
the innermost radius R, of the embedded MWNT, is
given by [12]

PE,

(+v)R '’ (16)

=
where, £,, v, and S are equivalent Young’s
modulus, the Poisson's ratio for filling molecules, and
a constant coefficient that depends on the density and
other physical properties of the filling molecules. In
case there are no filling molecules inside the multi-
walled carbon nanotube, P, and f are set equal to

int

Z€r0.

3. Buckling analysis

Substituting Eq. (6) into Eq. (8), the following con-
stitutive equation for the buckling of a multi-walled
CNT for each layer is obtained:

N N
8 _ 74 _ 276
DV:WI‘ - waxzcg/ (ena) Viwlzci/
J=1 J:

—icljv,w + (e, a)’ Zcq W

+N°(—V4w —(e,a)’ $V?wi)

k]

. a4
2 4
(20 gy, Zady O gy
R %00 R,. 00
1 82 9* 4
N (RZ Y ( o
N AW)_EEG“@ '
R 96 " TR o

The buckling deflection of the ith layer is approxi-
mated by the following relation:

w =4, sin(mT”x —nd), (18)

where, 4, (i =1, 2,...,N) are real constants, L is the
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length of the MWNT, m is the axial half wave num-
ber, and » is the circumferential wave number. The
net torque applied to the two ends of a multi-walled
nanotube is

T=0+T,+....+T,, (19)

where, 7, (i = 1,2,...,N) the torque exerted on the
ith layer, and 7 is the net torque. Assuming that shear
membrane forces in each layer of MWNTs are identi-
cal, the following relations can be written:

oL o_ (20)

NU NO 2 2 = 2
27[R 27tR, 272'R

201 G2 T eeeees

=N

xON

Based on the proportionality between the axial
membrane forces and torque, the following relations
are written [12] and [13]:

N =yNy, =yNy =N,

x 9

(=12....N), (2

where, y is the ratio of membrane axial force to
shear forces. In a pre-buckling analysis, constraints
for the ends of a cylindrical shell are usually ne-
glected [S5]. Thus, the normal equilibrium equations
for each layer are given by

N =NJ=PR,,(i=12...N). (22)

Substituting Egs. (18), (21), and (22) into Eq. (17)
yields the following set of algebraic equations
forw,,....,w,,....,w, , for buckling modes, (m, n).

{{D{()+( )} ﬁc

(@)’ {() +( ) }

z

+Ny, [J/(mTﬂ)2 +7(e,a)’ (mT”)

(2e a) (mnﬂ') } 23)

_imnﬂ
R L

~PR {( >+( )(’”””) +(e0a>2(;’_)“}

Bl 1
R? Ln ,
i 14+ (——

(mﬂR)

i

2| [T o ISNIES _
+{{{l+(eoa) |:(L) +(E) }};Cﬁ}}fl‘/ =0.

114

If the net pressure( R =P, + P, i,j=12.....N)
exerted on the ith tube is assumed to be inward, Eq.
(23) can be written in the following matrix form:

1 00 4
010 4,
00 1 . 0|4,
-NOX| . L. . b=
000 . . . 1]4, 24)
7bll 12 Cl} Cl,\/7 Al
c21 b22 023 CZN AZ
CS! C}Z b33 c}N A3
Y
_cm Cya Cys -« - b;\n\'_ AN
or, equivalently,
Al
4,
0 .
[_ NXHXINXN _YCNXN]< = 09 (25)
AN
where
[7( )’ + y(e,a)’ (7)
2 mnx 2ea., mnx
R L ( )( )}

Y=1+(eoa)2[(”’7”)2 +(%)2}

00
010 . 0
001 . 0

Lw=|- « .,
000 1]
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b, ¢, ¢ Ciy
¢ by ey Con
cy ¢y by Gy
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2
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J=1

2

M, N
b, —D{(L) +(RI)}
~(¢,a)’ {(”’L”)Z + (;ﬂ Zc

~PR {(;’)2 + (2—“)2(”’””)2 + (eoaf(;f)“} -(26)
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2
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In order to obtain a non-trivial solution for Eq. (25),
it is necessary to set the determinant of the coefficient
matrix equal to zero

det(Y[C]+ N3, X[1])=0. 27)

Solving Eq. (27) yields the buckling load of the
MWNT for different wave numbers m and n. Eq. (27)
determines the critical shear membrane force
N° (m,n) with a given axial force N specified by
the ratio y . Thus, the critical torque on the MWNT,
T(m,n) is easily obtained from Egs. (19) and (20),
and hence the corresponding shear stress 7 ,(m,n) =
N (m.m)/h.

To illustrate the influence of small length scale on
the critical shear stress of an eleven-walled CNT, in
accordance with Eq. (27), ¥, i.e., the ratio of critical
shear stress, is defined as:

7,(ea =0)

T

Y= 28)

4. Numerical results and discussion

4.1 The van der Waals interaction

4.1.1 The vdW interaction before buckling
To show vdW interaction prior to buckling, the pre-
buckling vdW pressures between two adjacent layers

are calculated by using Eq. (9) for an eleven-walled
CNT with innermost radius in the range of
0.34—9.52nm . The results are presented in Table 1.
The value of P, in Table 1 represents the pressure
contribution to the ith layer from the jth layer due to
the vdW interaction before buckling. Note that the
negative sign in Table 1 represents the attraction be-
tween the two layers. The effect of curvature on the
vdW pressure is also shown in Table 1. For a tube
with small radius (i.e., large curvature), the pre-
buckling vdW pressure varies significantly and the
effect of curvature becomes important. However, for
a large radius (i.e., small curvature), the pressure
variation is negligible. The pre-buckling pressures,
due to the vdW interaction, approach constant values
as the radius increases. The inward pressure is as-
sumed to be positive. To show the dependence of all
vdW pressures between two adjacent layers of an
eleven-walled CNT on the radii of tubes, the pre-
buckling pressure contributions to the /st and /1th
layers from one side layer and to the 2nd, 3rd, ...
layers from two side layers are presented in Fig. 3 for
various innermost radii of the eleven-walled CNT.
The vdW force exerted on each layer is due to all of
the layers of the nanotube. The innermost layer is the
first layer and the outermost layer is the eleventh
layer. For any two adjacent layers, the pressure con-
tribution to the outer tube from the inner tube is
shown by solid lines in Fig. 3.

For small radii, the pressure contribution to the
outer tube from the inner tube between any two adja-
cent layers drops sharply, whereas the pressure con-

Table 1. Pre-buckling pressure P, (Mpa) due to the vdW
interaction for an eleven-walled CNT with various innermost
radii R, .

Rm) | B | Fo | B | Bu | By Fo | B | Fo | B | B

034 -0.1329}-0.4767]-2.2690}-19.0727|-665.8998}-768.7201|-25.5302}-3.5543|-0.8879]-0.3052

0.68  |-0.1585[-0.5318]-2.4324]-19.8568|-677.83341-757.7519|-24.8667|-3 4267|-0.8485(-0.2894

136 [-0.1729[-0.5651)-2.5330]-20.3455[-685.3541|-750.7200(-24.4391|-3.3442|-0.8229|-0.2791

204 ]-0.1824]-0.5874]-2.6011|-20.6792|-690.5281|-745.8270|-24.1404}-3.2865|-0.8049|-0.2718

272 |-0.1891]-0.6034}-2.6504}-20.9217|-694.3058}-742.2257|-23.9200}-3.2437}-0.7916{-0.2665

340 |-0.1942]-0.6155|-2.6877|-21.1059]-697.1853]-739.4641|-23.7506]-3.2108]-0.7814{-0.2623

4.08  |-0.1982[-0.6250(-2.7169]-21.2505[-699.4529-737.2791|-23.6163|-3.1847|-0.7732{-0.2590

476 1-0.2013]-0.6325|-2.7403|-21.3671|-701.2850-735.5072|-23.5072}-3.1635|-0.7666{-0.2563

544 |-0.2039]-0.6388|-2.7596|-21.4631]-702.7960|-734.0414}-23.4169]-3.1458|-0.7611]-0.2541

612 ]-0.2061{-0.6439]-2.7757|-21.5435|-704.0635]-732.8086|-23.3408}-3.1310]-0.7564{-0.2522

6.80  ]-0.2079]-0.6483|-2.7894]-21.6118|-705.1421|-731.7574{-23.2759]-3.1183|-0.7525(-0.2506

748 ]-0.2095[-0.6521|-2.8012]-21.6706|-706.0710}-730.8504{-23.2198}-3.1074}-0.7490|-0.2492

8.16  |-0.2108]-0.6554|-2.8114|-21.7218}-706.8793|-730.0598}-23.1709|-3.0978|-0.7461|-0.2480

884 [-0.2120[-0.6583|-2.8204}-21.7666|-707.5892{-729.3646|-23.1279|-3.0894{-0.7434]-0.2469

952 |-0.2131]-0.6608]-2.8283|-21.8063|-708.2176}-728.7484{-23.0897]-3.0819]-0.7411{-0.2460
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Fig. 2. Pressure exerted on an MWNT within an elastic me-
dium characterized by a spring constant d.

h

Table 2. vdW interaction coefficient ¢, (Gpa/nm) for an
eleven-walled CNT with various innermost radii R, .

C,

65

¢, | ¢

68

Co

C,

610

R (nm) | Cy Car

C,

62

C,

63

C,

64

034 ]0.0045{0.0203/0.1292| 1.6292 |-92.7741-107.1033( 2.1821 |0.2029{0.0380(0.0104

0.68 10.0054{0.0227]0.1388| 1.6972 |-94.4428-105.5797| 2.1260 |0.1957{0.0363(0.0099

136 10.00590.0242|0.1447) 1.7394 [ -95.4636|-104.6023| 2.0897 |0.1911]0.0353]0.0096

204 ]0.0062{0.0252/0.1486| 1.7682 |-96.2161 |-103.9219| 2.0643 |0.1878{0.0345(0.0093

272 10.0065[0.0259/0.1515] 1.7891 [-96.7435|-103.4209| 2.0456 |0.1854|0.0339{0.0091

340 ]0.0067{0.0264|0.1536] 1.8049 [-97.1453]-103.0367| 2.0312 |0.1835{0.0335(0.0090

408 10.0068]0.0268[0.1553| 1.8174 | -97.4618 |-102.7326| 2.0197 [0.1820{0.0332{0.0089

476 10.0069]0.0271{0.1566| 1.8274 | -97.7174|-102.4860] 2.0105 [0.1808]0.0329{0.0088

544 [0.0070(0.0274]0.1577| 1.8356 | -97.9282 -102.2820] 2.0028 [0.1798(0.0326]0.0087

612 0.0071{0.0276/0.1587| 1.8425 [-98.1050{-102.1104f 1.9963 |0.1790{0.0324(0.0087

6.80 10.0071]0.0278]0.1597| 1.8484 | -98.2554|-101.9641| 1.9907 |0.1783]0.0323]0.0086

748 0.0072{0.0280{0.1601 | 1.8534 |-98.3849 |-101-8378 1.9860 |0.1776{0.0321]0.0085

816 [0.0072/0.0281]0.1607| 1.8578 | -98.4977|-101.7277) 1.9818 {0.1771{0.0320]0.0085

884 [0.0073/0.0282]0.1612| 1.8617 | -98.5967 [-101.6309| 1.9781 [0.1766{0.0319] 0.0085

9.5210.0073]0.0283]0.1617| 1.8651 [-98.6843 |-101.5451f 1.9749 |0.1762]0.0318|0.0084

Foa P P Po B P Fowe Fan s s B

FePar Pa. Py, Fa P, Fe Py, PP ‘
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Fig. 3. Pre-buckling vdW pressure between two adjacent
layers versus the innermost radius of an eleven-walled CNT.

tribution to the inner tube from the outer tube rises
sharply with the increase of the radius. Therefore, a
small radius significantly affects the pre-buckling
vdW pressure. With increasing radius, the pressure
tends to a constant value of -720 Mpa.

4.1.2 The vdW interaction after buckling

The vdW interaction coefficients, c, which are
calculated from Eq. (10), are tabulated in Table 2 for
an eleven-walled CNT with an innermost radius in
the range of 0.34-9.52nm . The coefficients ¢, in
Table 2 represent the pressure increment contribution,
due to vdW interaction after buckling, to layer i from
layer j. It can be seen from the table that vdW interac-
tion between two adjacent layers (e.g. ¢, andc,) is
much larger than that of the two non-adjacent layers
(e.g. ¢, andcg). It is also observed that the coeffi-
cient decreases rapidly by moving from the adjacent
layer to the innermost or outermost layers. Thus,
when the distance between the two layers is large
enough, the value of the coefficient is very small and
the vdW interaction can be neglected. It should be
noted that the negative sign in Table 2 represents an
attraction between the two layers, whereas the posi-
tive sign represents repulsion [8]. Interestingly, the
absolute value of the coefficient c, increases with
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Fig. 4. vdW interaction coefficients between two adjacent
layers versus the innermost radius of an eleven-walled CNT.

increasing the radius for j<i, while it decreases with
increasing the radius for j>i. However, if the radius is
large enough, the coefficient c, approaches a con-
stant value which is independent of the curvature [14].
The relationships of the coefficients with the inner-
most radius of the eleven-walled CNT are plotted in
Fig. 4. This implies that the vdW interaction coeffi-
cients are highly dependent on the radius for multi-
walled CNTs with small radii. Large radii have little
influence on the coefficients, as shown in Fig. 4. The
coefficients approach a constant value of -100 (GPa/
nm), which is close to the results reported by [3].

4.1.3 Buckling analysis

In this section, the buckling behavior of multi-
walled carbon nanotubes is investigated by using the
proposed vdW interaction model. The initial distance
between two adjacent layers is assumed to be #=0.34
nm. The parameters used in the vdW interaction
pressure in Egs. (9) and (10) are taken to be
£=2.968meV and o =0.34nm [10]. The effective
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Fig. 5. Critical shear stress against the axial half wave number m, Example 1, combined torque and axial (a) tension N?=2N?,,
(b) tension N! =0.5N},, (c) tension N? =0.01N", , (d) compression N!=-1N?, , and lateral (internal and external) pressure.

bending stiffness D=0.85 eV, the effective in-plane
stretching stiffness Eh=360 J/m® , Poisson’s ratio
v=03, and the length L=12R, (R, is the outer-
most radius) are assumed for all the multi-walled
CNTs considered in this study. For small length scale
parameters a=0.142 nm, e,=0.82 and for filling
molecules £, =2.5Gpa, v,=0.3, and £=0.05
are considered [2] and [12].

In this study, the MWNTs are divided into the fol-
lowing three categories based on the radius to thick-
ness ratio:

(a) thin MWNTs (the innermost radius-to-thickness
ratio is larger than five);

(b) thick MWNTs (the innermost
thickness ratio is around unity);

(c) (almost) solid MWNTs (the innermost radius-
to-thickness ratio is smaller than 1/4).

Five different examples belonging to the above
three categories, which are shown in Table 3, are
considered in this study. Obviously, examples 1 and 2
belong to the thin MWNTSs, examples 3 and 4 are
thick MWNTSs, while example 5 is a solid MWNT.

A significant result is that for all the three types of
MWNTs, the buckling modes corresponding to the
minimum critical shear stress for embedded MWNTs

radius-to-

Table 3. The geometrical data for MWNT samples.

Exampl i
he " | ThinMWNTs Thick MWNTs |\ rord

example

number ! 2 3 4 5
R(mm) | 85 18 27 65 065
R/Ni | 500 | 662 | 099 1.20 024
L) | 11832 | 24456 | 6096 | 13920 | 3636

N 5 8 8 16 8

R, is the innermost radius of an MWNT, N is the number of layers of the
MWNT, and h(=0.34) is the effective thickness of an SWNTs.

under combined torsional and axial loading and lat-
eral (internal and external) pressure are clearly differ-
ent from the modes for buckling under pure axial
compression [3]. Moreover, they are different from
the buckling modes under combined axial and tor-
sional loading [12]. There exists a unique buckling
mode, corresponding to the minimum critical shear
stress for the values of m and »n. Equation (27) deter-
mines the critical shear membrane force N°,(m,n) .
Tables 4 and 5 present the values of critical shear
stress and the axial stress of an individual MWNT
under combined loading for examples 1 and 3, re-
spectively. The numerical results are presented in
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Figs. 5 and 6. It is observed from these figures that
the value of critical shear stress under combined tor-
sional, axial and lateral loading is clearly dependent
on the ratio of membrane axial force to shear force,
axial loading direction (compression or tension), con-

Table 4 . Value of m, n, z, , o, for example 1.

e > Y

14 m n 7, (MPa)| o, (MPa) Fig.
2 116 6 15.19 30.38 Sa
0.5 67 1 86.04 43.02 5b
0.01 146 13 4.12 0.041 Sc
-1 116 6 18.41 -18.41 5d

7, is the critical shear stress, and ¢, is the critical axial stress. Positive

or negative denote the tension or compression of axial direction, respec-
tively.

Table 5. Value of m, n, 7,0, for example 3.

m n 7, (MPa)| o, (MPa) Fig.

137 5 1.75 3.50 6a

0.5 108 3 17.98 8.99 6b
0.01 61 9 15.85 0.158 6¢
-1 137 5 2.81 -2.81 6d
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dition of filling molecules (internal pressure), and
properties of the surrounding elastic medium (exter-
nal pressure).

The influence of small length scale on the critical
shear stress for various buckling modes, shown in Fig.
7, can be obtained from Eq. (28). It can be observed
that the effect of small length scale depends on the
buckling modes. The effect of small length scale on
the critical shear stress increases with an increase in
the values of m andn .

4.1.4 The interlayer van der Waals interaction
To illustrate the interlayer vdW interaction effects
(prior to buckling), the Lennard-Jones model is im-
plemented. In a 7-walled CNT with innermost radius
of 0.5 nm and gap of 0.34nm between every two ad-
jacent layers, the effect of all layers on each other is
investigated. The initial vdW pressure is calculated by
using Eq. (9) for each layer of the 7-walled CNT.
Table 6 shows the initial vdW pressure P, before
buckling. The results show that the maximum vdW
pressure occurs between the adjacent layers and spe-
cifically the innermost layer, i.e., B,, and the mini-
mum effect is between the first and the seventh layer,

£l Crtclihewimn= 179 HP
Bockleg mode 2 108, i ey

Inm)
=
2
=

= - \ \
N7 W T
st ||II || ( !
wi
8 Crtxal Shear sess = 1585 M L)
Buckisg sode 2161, P9
0 15 a (-] ] ] a0 105 120 135 150

(d)

Fig. 6. Critical shear stress against the axial half wave number m, Example 3, combined torque and axial (a) tension N?=2N?,,
(b) tension N° =0.5N". (c) tension N°=0.01N".. (d) compression N°=-1N"..and lateral (internal and external) pressure.
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Fig. 7. Effect of small length scale on the critical shear stress
for various buckling modes.

Table 6. Initial pressure P, (Mpa) due to vdW interaction
between tubes i/ and j for a seven-walled CNT with innermost

radius R, =0.5mm.
Number
of i=1 i=2 i=3 i=4 i=5 i=7 i=8
Layers,
j=1100 -9.432 -0.358 |-0.549 |-0.0147 | -0.0053 | -0.0023
j=2 |-5614 | 0.0 -8.560 | -0.307 |[-0.0454 | -0.0119 [-0.0042
j=3 |-0.151 |-6.093 |-0.0 -8.177 | -0.285 |-0.0411 [-0.011
j=4 |-0.0181]-0.170 |-6.350 | 0.0 -7.962 | -0.2720 | -0.040
j=5 1-0.0039 |-0.0205 [ -0.181 [-6.510 | 0.0 -7.8240 | -0.263
j=6 [-0.0012 |-0.0045 [ -0.022 |-0.188 |-6.620 | 0.0 -7.730
j=7 |-0.00046| -0.0014 | -0.005 |-0.023 |-0.193 |-6.700 | 0.0

i.e., B,.The initial vdW pressure between two adja-
cent layers is much larger than for the other two lay-
ers, and the vdW pressure decreases monotonically
with increasing distance between two layers until it
reaches zero or is negligible when the distance is
large enough. Because of more interaction surface,
the effect of each layer on its next layer is more than
its previous one. The vdW pressure increases with an
increase in the number of layers and their cross-
section. Therefore, the critical load is more for larger
MWNTs (considering constant internal radius).

5. Conclusions

Explicit formulas have been derived for critical
shear and axial stresses for multi-walled carbon nano-
tubes under combined loading and lateral pressure
taking into account the van der Waals interaction
before and after buckling. The results have been ob-
tained assuming a continuum cylindrical shell model

and using the theory of nonlocal continuum mechan-
ics. The results show that the internal pressure in-
creases the critical load, while the external pressure
tends to decrease the critical load. The buckling mode
(m,n) corresponding to the critical shear stress of an
embedded MWNT under combined loading is unique
for all the eleven MWNTs considered with different
values of the radius-to-thickness ratio. This is differ-
ent from the case of these nanotubes under axial
compression alone. The influence of small length
scale on the critical shear stress of multi-walled car-
bon nanotubes under combined loading is discussed.
The effect of small length scale on the critical shear
stress depends on the buckling modes. The initial
pressure between two adjacent layers is much larger
than the other two layers.
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